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ABSTRAKT

Fuzzy inferencni expertni systémy (FIS) predstavuji silny ndstroj
pro modelovan{ sloZitych, nelinedrnich a ¢dste¢né stochastickych
systému tim, Ze napodobuji lidské uvazovéni pomoci fuzzy pravi-
del a funkci piislusnosti. PfestoZe jsou Siroce vyuZivdny v inZe-
nyrstvi i rozhodovacich systémech, jejich ladénf tak, aby odrazely
méfend data, zistava vyzvou — zejména pokud je ddlezité zacho-
vat jejich interpretovatelnost. Tento ¢lanek shrnuje existujici opti-
maliza¢n{ techniky pro FIS, vCetné funkce tunefis v MATLABu a
adaptivnich neuro-fuzzy inferen¢nich systémii (ANFIS). Nasledné
predstavuje tii nové metody pro datové fizené, avSak interpreto-
vatelné ladeén{ FIS: (1) adaptivni dpravy vstupnich funkci pfislus-
nosti pomoci inverzni optimalizace na zdkladé novych méfent, (2)
ladéni konsekventd pravidel pomoci gradientni metody a (3) ka-
librace parametrti vyuZivajici Bayesovskou inferenci a simulaci
Monte Carlo pro uceni s ohledem na nejistotu. Kazdd metoda je
navrZena tak, aby zlepsila vykonnost systému a zaroven zachovala
logickou a sémantickou strukturu fuzzy modelt. NavrZzené metody
jsou ndsledné aplikovéany na prakticky piiklad a porovnény.
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ABSTRACT

Fuzzy inference expert systems (FIS) provide a powerful fra-
mework for modeling complex, nonlinear, and uncertain systems
by emulating human-like reasoning through fuzzy rules and mem-
bership functions. While widely applied across engineering and
decision-making domains, tuning these systems to accurately re-
flect measured data remains a challenge—particularly when pre-
serving interpretability is essential. This paper reviews existing
optimization techniques for FIS, including MATLAB’s tunefis
function and adaptive neuro-fuzzy inference systems (ANFIS). It
then proposes three novel methods for data-driven yet interpretable
tuning of FIS: (1) adaptive updates of input membership functi-
ons through inverse optimization based on new measurements,
(2) gradient-based tuning of rule consequents, and (3) a Bayesian
parameter calibration framework utilizing Markov Chain Monte
Carlo sampling for uncertainty-aware learning. Each method is de-
signed to enhance system performance while upholding the logical
and semantic structure of fuzzy models. The proposed methods are
then applied to a practical example and compared.
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1. INTRODUCTION

Fuzzy inference expert systems (FIS) are widely used for mode-
ling and decision-making in environments characterized by impre-
cision, uncertainty, and where only limited data is available. Unlike
classical logic, fuzzy logic allows for gradual transitions between
truth values, making it well-suited for applications involving vague
or subjective information. This flexibility has led to its successful
deployment in domains such as control systems, diagnostics, and
artificial intelligence (Sheena et al.|(2017)).

The performance of fuzzy systems can be increased by manual
tuning, particularly of membership functions and rule parameters.
To support engineering judgment with data-driven evidence, va-
rious optimization techniques have been developed. These range
from gradient-based methods to metaheuristic algorithms and
neuro-fuzzy approaches, enabling more efficient and systematic
model calibration (Moreno-Velo et al.| (2003)).

This paper reviews existing methods for FIS optimization and
introduces several new approaches designed to enhance both the
adaptability and interpretability of fuzzy models. The proposed
methods include adaptive membership function updates, rule con-
sequent tuning, and a Bayesian framework for parameter calib-
ration. Together, these methods provide a flexible toolkit for refi-
ning fuzzy inference systems using data.

2. FUZZY INFERENCE SYSTEMS AND THEIR
OPTIMIZATION

Fuzzy logic inference systems are used for modeling various
phenomena and decision making by mimicking the approximate
"fuzzy"reasoning used by humans. Unlike classical Boolean logic,
where statements are true or false, fuzzy logic allows intermedi-
ate degrees of truth, enabling reasoning in conditions where data
are incomplete or vague (Zadeh|(19635)). This is possible in fuzzy
inference systems through the use of fuzzy sets in decision rules.
Fuzzy sets are objects without crisp, clearly defined boundaries
(MathWorks, Inc.| (1994-2025¢)) - membership in those sets is a
matter of degree - element can be partially a member of set A and
—A simultaneously.

The growth of fuzzy logic applications in recent decades has
been substantial. Its capabilities have been successfully employed
in various domains, including consumer electronics (e.g. cameras,
washing machines, and air conditioners), industrial control sys-
tems, decision support systems, medical diagnostics, financial mo-
deling, and artificial intelligence. These systems benefit from the
ability of fuzzy logic to handle imprecision, model nonlinear sys-
tems, and incorporate expert knowledge without requiring an exact
mathematical model (MathWorks, Inc.|(1994-2025¢)).
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A fuzzy inference system (FIS) typically consists of a set of
linguistic rules in the form of “IF-THEN” statements, fuzzy mem-
bership functions (MF) that determine degrees of membership of
system’s inputs to defined linguistic fuzzy sets, and an inference
mechanism that combines these rules to produce a fuzzy output.
This output is then defuzzified into a crisp value suitable for deci-
sion making or control (Mendel| (1995)).

Among the most widely used fuzzy inference systems are the
Mamdani and Sugeno types, each suited to different types of ap-
plications. The Mamdani FIS, introduced by Ebrahim Mamdani in
1975 (Blej & Azizi| (2016)), is characterized by using fuzzy sets,
not only in rules antecedents but also in consequents. This appro-
ach closely resembles human reasoning and is thus widely used in
applications where interpretability is a priority. In contrast, the Su-
geno FIS, developed by Takagi, Sugeno, and Kang in 1985 (Blej &
Azizi| (2016)), uses fuzzy sets in the rule antecedents but employs
mathematical functions as rule consequents. Therefore, Sugeno
fuzzy systems are more computationally efficient and easier to
integrate with optimization and learning algorithms (MathWorks,
Inc./(1994-2025a)). The basic structure of fuzzy inference systems
is depicted in figure[T}
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Obrazek 1: Flowchart of Mamdani and Sugeno fuzzy inference sys-
tems.

2.1. Existing Methods for FIS Optimization

Optimizing FIS with data is essential for enhancing their perfor-
mance and accuracy in various applications. Several methods have
been developed to fine-tune FIS parameters, including member-
ship functions and rule bases.

MATLAB’s tunefis function

The Fuzzy Logic Toolbox in MATLAB (version R2024b) offers
the tunefis function, which facilitates the optimization of fuzzy
inference systems by minimizing a specified cost function. This
optimization is achieved through the adjustment of selected para-
meters, including input and output membership functions and the
rule base. The tuning process can employ various optimization al-
gorithms, such as genetic algorithms, particle swarm optimization,
and pattern search methods (MathWorks, Inc.|(1994-2025b)).
This functionality is particularly beneficial for initial system
tuning based on empirical data or for approximating complex sys-
tems, such as artificial neural networks (MathWorks, Inc.|(2024)).

However, the tunefis function presents certain limitations
that may affect the interpretability of the resulting FIS. One no-
table issue is the necessity to impose constraints on tunable para-
meters to preserve the logical consistency of the system. For in-
stance, consider an input variable “height” with fuzzy sets labeled
“short,” “average,” and “tall,” each defined by specific member-
ship functions. Without appropriate constraints, the tuning algo-
rithm might adjust the membership function for “tall” to overlap
with or fall below that of “average,” thereby violating the inten-
ded semantic structure of the fuzzy sets. In tunefis, constraints
can only be specified as fixed numerical bounds; however, logical
consistency relies on relative relationships between parameters.

Another concern is that the tunefis function does not inhe-
rently normalize the membership functions. Consequently, for a gi-
ven input, the sum of membership degrees across all fuzzy sets can
be less than, or greater than one. This may complicate the interpre-
tability of the system. For example, an input value of 1.71 meters
could result in membership degrees of 0.5 for “short,” 0.7 for “ave-
rage,” and 0.3 for “tall,” totaling 1.5. While such non-normalized
approaches can be advantageous in certain contexts, they often in-
troduce ambiguity in the interpretation of membership degrees.

Adaptive Neuro-Fuzzy Inference System (ANFIS)

ANFIS integrates the learning capabilities of artificial neural ne-
tworks with fuzzy logic. This hybrid approach enables the mode-
ling of complex, nonlinear systems by learning from data while
maintaining interpretability through fuzzy rules.

ANFIS is an artificial neural network with a multi-layer archi-
tecture copying structure of Sugeno type FIS. The system utilizes
a hybrid learning algorithm that combines gradient descent and
least squares estimation to optimize the input parameters of the
membership functions and the parameters of the rules consequent
functions that are usually in a form of first order polynomial (Ka-
raboga & Kaya|(2019)).

To enhance the performance and generalization capabilities
of ANFIS, various optimization techniques have been proposed.
Metaheuristic algorithms such as Genetic Algorithms or Particle
Swarm Optimization have been integrated with ANFIS to optimize
its parameters effectively (Moayedi et al.|(2020)).

3. PROPOSED METHODS FOR FIS OPTIMIZATION

The following methods were developed to fine-tune fuzzy infe-
rence systems with data preserving their interpretability. All of the
optimization methods presented are applicable to the Sugeno and
Mamdani systems with an arbitrary number of input parameters
and one output.

3.1. Adaptive Update of Membership Functions Based on
New Measurements

To enhance the adaptability of a fuzzy inference system (FIS) to
evolving datasets, the set_MF_trends function provides a me-
chanism for updating input membership functions based on newly
observed input-output pairs. This function modifies the shapes of
selected membership functions to better reflect new measurement
data, while preserving interpretability and consistency within the
fuzzy model. The manipulated membership functions must sup-
port incremental definition via data points (e.g., polygons or two
connected monotonic splines); such membership functions are re-
ferred to as adaptive.



The method is grounded in constrained numerical optimi-
zation. Given a new input measurement and a corresponding de-
sired output value, the function searches for a set of hypothetical
input values (referred to as “fictional inputs”) that would yield the
same output under the current FIS configuration. This inverse map-
ping is achieved using the Sequential Least Squares Programming
(SLSQP) algorithm by [SciPy Community| (2008-2025)). The op-
timization problem is subject to equality constraints ensuring that
the FIS output matches the desired output. The objective function
minimizes the deviation of the fictional inputs from the actual me-
asurements, normalized over the domain of each input. This nor-
malization can be configured in a flexible manner, allowing certain
inputs to be penalized more or less than others if desired.

Once the optimal fictional inputs are identified, the function
compares the active fuzzy sets, i.e., those with nonzero member-
ship values, corresponding to both the actual and fictional inputs. If
the same fuzzy sets are active, the associated adaptive membership
functions are updated by incorporating new defining data points so
they have for actual inputs the same degrees of membership as for
the fictional inputs (see figure[2). However, if different fuzzy sets
are activated, implying that peaks or boundaries of the member-
ship functions would need to shift, the function halts execution.
This safeguard prevents unintended logical inconsistencies in the
FIS structure.
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Obrazek 2: Comparison of input’s membership functions before
and after set_MF_trends optimization.

The set_MF_trends function thus offers a controlled and
interpretable approach to tuning adaptive fuzzy models in response
to new data. However, its application to large datasets or datasets
with significant uncertainty is limited. One potential solution in-
volves randomly selecting a subset of data points and, if the corre-
sponding membership function updates are feasible (i.e., the opti-
mization does not halt), evaluating the model cost on the remaining
data using a chosen cost function. This process can be repeated
multiple times, and the model configuration with the lowest cost
can be selected, or weighted average of MFs shapes can be taken
(with their inverse cost as weights). Alternatively, clustering tech-
niques may be applied to large datasets, followed by selecting a
few representative (average) measurements from each cluster for
adaptation.

3.2. Rules Consequent Tuning Algorithm

The proposed method (referred to as train_consequent) le-
verages the interpretability of fuzzy rules whose consequent parts
are defined in a fuzzy manner. For example, a rule may take the
form: “IF (antecedent) THEN result is Low with 20% and Me-
dium with 80%”. These percentages are referred to as consequent
weights. This formulation reduces the number of output member-
ship functions required, thereby helping them retain their semantic
meaning. The optimization algorithm iteratively adjusts the con-
sequent weights within a fuzzy inference system (FIS) in order to

minimize a selected cost function (e.g., mean squared error, Huber
loss, etc. - see [Tonyloi| (2024)) between the predicted and target
outputs.

The input to train_consequent consists of an arbitrary
number of input-output pairs. Optionally, each sample may be as-
signed a weight to reflect its importance or reliability during trai-
ning. At the core of the tuning procedure lies a custom gradient-
based optimization algorithm. For each training sample, the algo-
rithm computes the predicted output and evaluates the associated
cost using the selected loss function.

The gradient of the cost function with respect to the rule con-
sequent weights is then estimated. This gradient reflects the sensi-
tivity of the prediction error to changes in the consequent weights.
For each training sample, its contribution to the gradient is compu-
ted based on the local discrepancy between the target and predicted
output, the influence of each rule via its firing strength, and an es-
timate of how variations in individual consequent weights would
affect the prediction. The resulting gradients from individual sam-
ples are then aggregated across the entire training set, with each
sample’s influence modulated by its optional weight.

The rule weights are updated using a normalized gradient
descent approach. The gradient is first scaled to a fixed step size,
and a tentative update is applied. If this update reduces the cost
function value, it is accepted; otherwise, the step size is halved
and the update is retried. This adaptive mechanism continues un-
til either a successful update is found or the step size falls be-
low a predefined threshold. This strategy avoids instability due to
overly large updates while maintaining steady convergence toward
a lower error.

To ensure numerical stability and preserve interpretability, the
consequent weights are normalized after each update so that they
are non-negative and sum to one within each rule. This normali-
zation guarantees that the rules remain interpretable as weighted
combinations of output terms or functions. The optimization pro-
ceeds iteratively until a maximum number of iterations is reached
or the step size becomes too small to allow further improvement.

The outcome of the procedure is a tuned fuzzy inference sys-
tem whose rule base more effectively captures the underlying pat-
terns present in the training data, thereby enhancing predictive
accuracy. As the algorithm relies on gradient descent, it is inhe-
rently constrained to finding local minima of the cost function.
This characteristic helps preserve the interpretability of the sys-
tem, as the original rule structure remains largely intact and only
the consequent weights are adjusted. However, it also implies that
the quality of the final model strongly depends on the initial design
of the FIS. A poorly initialized rule base may lead to suboptimal
performance, as the algorithm is not capable of performing global
structural modifications.

3.3. Bayesian Calibration of Fuzzy Inference Systems

The function Bayesian_learn implements a Bayesian fra-
mework for parameter calibration of fuzzy inference systems
(FIS), utilizing the Metropolis-Hastings algorithm, a Markov
Chain Monte Carlo (MCMC) sampling technique (Kruschke
(2015)). This method facilitates robust estimation of parameters
in the presence of noise and uncertainty, while allowing the incor-
poration of prior knowledge in a principled manner through prior
probability distributions.

At the core of this approach is a probabilistic model in which
selected FIS parameters are treated as random variables. The user
provides prior distributions for each tunable parameter (e.g., nor-
mal or uniform distributions), which encode initial beliefs about



their plausible values. Based on the provided input-output trai-
ning data, the method evaluates how well each sampled parame-
ter configuration explains the observed outputs using a likelihood
function. This function quantifies the probability of the data given
a parameter configuration, and is based on the residuals (differen-
ces between predicted and observed values) using a user-defined
noise model. This design offers flexibility in modeling measure-
ment uncertainty.

The sampling itself is performed via the Metropolis-Hastings
algorithm, which iteratively proposes new parameter values by
perturbing the current state with normally distributed noise scaled
by a user-defined proposal step size. Proposed samples are accep-
ted or rejected based on their posterior probability, which combi-
nes prior knowledge and data likelihood. The method supports ad-
ditional user-defined parameter constraints, enabling the enforce-
ment of physical or logical relationships between parameters (e.g.,
orderings or bounds).

The MCMC process begins from user-specified or
automatically-initialized values. After a designated burn-in
period (during which early samples are discarded to mitigate ini-
tialization effects), the remaining samples are used for inference.
The final parameter values used to update the FIS can be set either
as the posterior mean or as the maximum a posteriori (MAP)
estimate.

The function also reports the acceptance ratio of the MCMC
process, which serves as a diagnostic for tuning the proposal step
size. An acceptance ratio that is too low indicates that the proposal
distribution is overly narrow, while a ratio that is too high suggests
it is too broad—both of which can impede convergence.

This optimization algorithm is particularly advantageous in
applications where interpretability, prior expert knowledge, and
uncertainty quantification are important. However, the method is
computationally intensive: each proposed parameter set requires
reconstructing the FIS and processing all data points. Therefore,
although the algorithm’s structure is theoretically applicable to
Mamdani-type systems, its practical utility is limited to Sugeno-
type FIS, owing to their significantly faster inference times.

4. APPLICATION

Proposed optimization methods where used to create a system that
predicts concrete compressive strength. Data for FIS tuning and
system validation was taken from |Yeh| (2007). This dataset con-
tains 1030 instances and 9 attributes (8 input features and 1 out-
put). The features represent quantitative measurements of mate-
rials used in concrete (e.g., cement, water, aggregates) in kg/m3,
along with the age of the sample in days. There are no missing
values, and the dataset originates from the study by |Yeh|(1998) on
modeling concrete strength using neural networks .

Since expert systems (like FISs) are usually used in situations
where only limited number of experiment were done (Basheer &
Hajmeer| (2000)), only 10 specimens were chosen at random from
the dataset to represent the learning dataset and rest was used af-
ter systems optimization to validate the tuning method. For the
FIS only 3 most significant inputs (cement content, water—cement
ratio and age) were considered, to keep the problem easy to design
and understand. The FIS used for optimization is schematically
showed in figure[3]

All of the three proposed optimization methods were applied
separately and later compared by various metrics.
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Obrazek 3: Fuzzy inference system architecture for concrete com-
pressive strength estimation.

4.1. Optimized Parameters of the FIS

The set_MF_trends optimization was applied as follows. The
training dataset was randomly divided into five subsets, each con-
taining two samples. Each subset was used to optimize the original
FIS (with use of monotone splines as MF), while the remaining
subsets were used to compute the R? score. These scores (if posi-
tive) were used as weights, and the final shape of the membership
functions was determined as a weighted average of the MF shapes
from the optimized FISs.

The train_consequent algorithm was applied to the tra-
ining dataset and terminated after 20 iterations (withou reaching
minimum allowed step size). This limit was set to prevent overfit-
ting. In the final step, the change in average squared error was less
than 2 %o.

In the case of Bayesian_learn, the positions of the peaks
of the M (medium) membership functions were optimized. Uni-
form prior distributions were used. A visualization of one of the
input membership functions, along with its prior probability dis-
tribution, is shown in Figure[d] where the dashed lines indicate the
limiting positions of the MFs. The output membership functions
were replaced by their centroid values, effectively approximating
the original Mamdani-type FIS with a Sugeno-type system for fas-
ter computation. A normal distribution was assumed for the mea-
surement noise.
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Obrézek 4: Prior distributions of the cement content MF parame-
ters used in the Bayesian FIS optimization.

4.2. Validation

To evaluate the performance of the FISs optimized by the three
proposed methods, a comparison with validation data was con-
ducted. The prediction accuracy was assessed using the coeffici-
ent of determination (R?), the root mean squared error (RMSE),



and the mean absolute error (MAE). These metrics capture dif-
ferent aspects of predictive quality: R? reflects the proportion of
variance explained by the model, RMSE emphasizes larger errors,
and MAE provides a robust measure of average error magnitude.

The table[T[summarizes the validation results for each optimi-
zation method.

Tabulka 1: Validation metrics for FISs optimized using different
methods

Optimization Method R? RMSE MAE
Original FIS 0.37 12.9 104
set_MF_trends 0.45 12.1 9.7
train_consequent 0.61 10.2 8.1
Bayesian_learn 0.57 10.7 8.7

5. CONCLUSIONS

This paper addressed the challenge of tuning fuzzy inference sys-
tems in a data-driven yet interpretable way. While conventional
tools such as ANFIS and MATLAB’s tunefis offer robust so-
lutions for many applications, they often compromise interpre-
tability. To bridge this gap, we introduced three complementary
methods: adaptive inverse optimization of membership functions,
gradient-based tuning of rule consequents, and Bayesian calib-
ration through MCMC sampling. Each approach enhances the mo-
del’s fit to observed data while respecting the logical structure
and interpretability of fuzzy models. Applied to a practical exam-
ple, these methods demonstrated their ability to improve perfor-
mance without significant loss of transparency. The algorithm
train_consequent performed best compared to the other pro-
posed algorithms; however, this may vary depending on the speci-
fic problem and the quality of non-optimised FIS.
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